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1.1 - Mostrar que
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(A X B)z = fijkAjBk (1)
(A X B) -C = fijkAiBjCk (2)
ettt S0IUGAO (1) ool
(A X B) = ézAz X éij = Az‘Bj éi X éj = fijkAz‘Bj ék
(A X B) € = eijkAiBj ék . ék
(AxB), = ¢;pAiBj como os indices sao mudos posso fazer
(A X B)z = eijkAjBk
et 2D DOIUGAO (2) Tiiiiii i
(A X B) -C = (élAZ X éij) . ék Ck = (AZB] éi X éj) : ék Ck = AiBj €5l él . ék Ck
= A;B;Cy e 61 = AiB;Ch €45
= €k AiB;j C
1.2 - Mostrar que
(A-V)A =—-Ax(VxA) quando A? = const (3)
e 2D DOIUGAOD (3) Tiiiiiii i
—A x (V X A) = *éiAi X (éj@j X ékAk) = *éiAi X (8]Ak éj X ék)
= —éiAi X (8]Ak ejklél) = —AiajAk €kl éi X él

= —Ai0; AL €jki €itm €m = €kt €imi AiOj A &y

= AlajAk ém((5ﬂ5km - 5]m5kz) = AZ(‘)jAk éméﬁékm - A,f)JAké]m&m én
= Aj0jAm & — ApOm Ay &y = (A-V)A — VA?

— (A-V)A

1.3 - Mostrar que se o tensor S;; ¢ simétrico e o tensor A;; é antisimétrico, temos

SipAir, = 0
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Q = Sipdik = =S = —Q = 20=0 = Q=0

1.4 - Demonstrar as identidades abaixo

Viey) = oVY+¢Vep ()
Vo (pA) = ¢(V-A)+A-(Vy) (6)
Vx(pA) = ¢(VxA)—Ax (V) (7)
V(A-B) = Ax(VxB)+Bx (VxA)+(A-V)B+ (B -V)A (8)
V-(AxB) = B-(VxA)—A-(VxB) 9)
Vx(AxB) = A(V-B)-B(V-A)+(B-V)A - (A-V)B (10)
(V-A)B = (A-V)B+B(V-A) (11)
(AxV)xB = (A-VI B+Ax(VxB)—-A-(V-B) (12)
................................................................ 22 SOIUGAD (5) tuieiiiieiiiiiiie e
Vipy) = &0ipihi = &(pi0ithi + 1i0ipi) = 0i€i0ithi + 1i€;0;¢p;
= VY +9YVo (13)
................................................................ 2 S0IUCAO (6) tiveiiiiieiiieiiee e
V- (pA) = &0;-(pi€jA;) =& - &;0ipiAj = 6ij0;0iAj = 0ipiAi = pi0; Ai + 40,04
— G(V-A)+ A (V) (14)
................................................................ 12 SOIUGAO (7) et
V x ((,DA) = élal X (gpléJA]) = él X éj@@lA] = €ijk ék 8z<,DlA] = €ijk ék (9190114]
= ik € (0i0iAj + A;j0ipi) = €ijrpiOiAj & — €jik AjOipiy
= o(VxA)—Ax(Vy) (15)

et BOIUCAO (8) i
nas identidades acima o operador nabla executou duas operagoes: operagao diferencial e operagao
vetorial. Para demonstrar a eq.(8) farei a seguinte definigao,

def V(A - B) = o simbolo () indica que o operador nabla atua somente no vetor B (16)
V(A - B) = o simbolo () indica que o operador nabla atua somente no vetor A

operacao diferencial,
V(A -B)=V(A-B)+V(A-B) (17)

o primeiro termo da eq. (17) pode ser encontrado fazendo a= A, b=B e C =V e usando a
defini¢ao (16) no produto triplo abaixo,

operacao vetorial,

x(bxc) = —c(a-b)+Db(c-a)
(B xV) = —V(A-B)+B(V-A)
V( ‘B) = Ax(VxB)+(A-V)B (18)



o segundo termo da eq. (17) pode ser encontrado procedendo de modo anilogo,

ax(bxc) = —c(a-b)+b(c-a)
Bx(VxA) = —AB-V)+V(A-B)
V(A-B) = Bx(VxA)+(B-V)A (19)

das egs. (17), (18) e (19),

V(A-B) = Ax(VxB)+Bx(VxA)+(A-V)B+(B-V)A (20)

operacao diferencial,
Vx(AxB)=Vx(AxB)+Vx(AxB) (21)

operacao vetorial,

ax(bxc) = —c(a-b)+b(c-a)
Vx(AxB) = -B(V-A)+A(V-B)
= A(V-B)—-(A-V)B (22)
ax(bxc) = —c(a-b)+b(c-a)
Vx(AxB) = -B(V-A)+A(B-V)
= (B-V)A-B(V-A) (23)

das egs. (21), (22) e (23),

Vx(AxB) = A(V-B)—-B(V-A)+(B-V)A—(A-V)B (24)

operagao diferencial,

(V-A)B = (V- A)B+(V-A)B (25)
operacao vetorial,

(V-A)B = (A-V)B (26)

das egs. (25), (26) e (27),

(V-A)B = (A-V)B+B(V-A) (28)

operacao diferencial,
(AxV)xB = (AxV)xB (29)
operacao vetorial,

ax(bxc) = —c(a-b)+
(AxV)xB=-Bx(AxV) = +V(B-A)-A(V-B) (30)



ax(bxc) = —c(a-b)+b(c-a)
Ax(VxB) = —B(A-V)+V(B-A)
Ax(VxB)+(A-V)B = V(B-A) (31)

das egs. (29), (30) e (31),

(AxV)xB = Ax(VxB)+(A-V)B—A-(V-B) (32)

1.5 - Calcule as equacoes abaixo usando as coordenadas cartesianas, cilindricas e esféricas

V-r (33)
Vxr (34)
V(1-r) (35)
(1-V)r (36)

onde r é o raio vetor, 1 é vetor constate.
coordenadas cartesianas
V-r:éiai-éjrj:éi-éjairj:5Z-j8irj:8m:3 (37)
coordenadas cilindricas
N 1, N N R
Ver = (8,0, + Eeg(?g +8.0.) - (08, + z8&.)
R P N PO P P PO R
= €,0, 08, + 56969 08y + €,0, - 0€, + 8,0, - z&, + Eegag <28, +€,0, - z&,
S R
= eQ'eQ+EQe9'eG+ez'ez
= 1+141=3

coordenadas esféricas

Vor = (80, + %ég@e + 8,0p) - (&)

1 1
= &0, 18 + —€90y - 1€, + ———8€40, - 1€,
r rsin @

rsin 6

PO 1 s A
= & -8 + —1€y- &)+ ———rsinfé, - &,
r rsin 6

= 1+1+1=3 (38)

VXr= éiai X éj?"j = &; X éjaﬂ‘j = eijkékéirj = eijkékéij = eiikék =0 (39)
coordenadas cilindricas

&, pé& e,

1
Vxr = —|0, 0Op 0, sendoo vetor posicdo r = &, + 2&,
P To Prog Tz
1 é
= &, (p@grz - 8Z7“9> + &y <8ZTQ - agr2> + ?Z <8Qp7“.9 - 897‘Q> (40)
.1 . . 1
= egzagz + &90.p — €90,z — eZ;(?gp =0 (41)
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coordenadas esféricas

V xr

&, 1& rsinfé,

1 .. N
———— |0 Oy 0y sendo o vetor posicdo r =r1é€,
r?sin 6 .

rr TTe TSINOry
é, &

. e 1 [
s (89 sin Ory — (9¢,r9> + 79 <sin08¢” — E)Trr¢) + 7¢ <8T7“r9 - 89”)
€y . B
rsin@aw €509 = 0

V(]. . I') = él(?,(éj . ékrk) = él(é] . ék)ai’l“k = ézdjk&rk = é,-f)irj = ézéw = éj =1

coordenadas cilindrica

V(1-r)

1

(800, + Eégag +8.0.) | (8, + &+ &.) - (08, + 2€.)
1

(égag + Eég@g + ézaz) (Q + z)

N 1. . R 1. )
€,0,0 + —890po + €.0.0 + 8,0,z + —890pz + 8,0, 2
0 0

&0+ 8.

coordenadas esféricas

V(d-r)

1 1
(érar + ;ég@g + Tsin9é¢8¢) (ég + &y + éz) . (Qég + Zéz)

(érar + %ég@@ + é¢6¢) (Q + Z)

rsin 6

« « 1. 1. «
80,0+ €.0,2 + —€9g0go + —€90pz + ———€40p0 + —
r r rsinf rsinf

(1 . V)I‘ = (éi . éjaj)ékrk = (éi . éj)ékajrk = (Sijékaj?“k = ék&-rk = ékéik = él' =1

coordenadas cilindricas

(1-V)r

(8p+&+86.) (8,0, + zégag +8.0.) | (08, + 2&.)
1
(9o + 569 +0.) (08, + 28;)

1 1
0,08, + E%Qég + 0,08, + 0y2€, + EanéZ + 0,z¢&,

6, +é +é, =1

coordenadas esféricas

(1-V)r

1 1
(érar + ;ég@g + Tsin9é¢a¢) . (ég + &y + é¢) (Tér)

1
rsin 6

(0 + %69 + dp) (rér)

1 1
Opré, + —0pré, + ——— 0478,
T rsinf

& +é& +é;=1

(43)



6.0 - Sendo os vetores a e b constantes, calcule o divergente e o rotacional das equagoes abaixo

(a-r)b (46)
(a-r)r (47)
(axr) (48)
b(r)axr) (49)
rx(axr) (50)
................................................................ 22 SOIUGAO (46) i
V- (a . I‘)b = ézaz . (éjaj . ékrk)élbl = ézaz . (ajT‘k(Sjk)élbl = a,k@irkéi . élbl
= arOiri0yby = apbiOiry = arbidy = agby
(a-b) (51)
V x (a . I‘)b = él& X (éjaj : éka)élbl = é@ X (ajrkéjk)élbl = ak&irkéi X élbl
= apOiTk€iimemb = arbiOirk€im@m = arbidik€iim@m = arbierimén
= (axb) (52)
................................................................ D SOIUGAOD (A7) tieiiiiiiieiiice e
V-(a-r)r = &0;-(&a;-&,ry)&m = &0; - (ajrid;r)é&ir; = ap0iri€; - &y = ar0iTi0y1
= apOirEr; = aprpor; + aprOry = aprp3 + apriO = 3aprr + aprp = 4agry
= 4(a-r) (53)
V x (a . I')I‘ = ézc‘?, X (éjaj . ékrk)éﬂ'l = éz(?@ X (aka(sjk)élT’l = akairkéi X éﬂ'l
= apOiTk€iim@mrt = arOirir1€iim€m = arpTROiTIEIm@m + aRTIO0TKEIm@m
= apTk0i€iImem + AkTI0ikEiImCm = ARTKEIMEm + ARTIELIMmEm
= (axr) (54)
................................................................ 12 SOIUGAO (48) it
V- (a X I‘) = ézal . (éjaj X éka) = élf)l . (ajrkejklél) = ajaﬂ‘kejkléi . él
= ajOirk€p0i = a0 L€ = QjO1KEjR = QjEjkk
=0 (55)
V x (a X I') = élé)l X (éjaj X ék’l”k) = é,f)l X (ajrkejklél) = ajaﬂ‘kejkléi X él (56)
= 0;0iTk€jRi€iImEm = —0j0iTLEjKIEmEm = —a;0iTk(05i0km — 0jmOki)€m
= —ajairkéjiékmem + ajairkéjmékiém = —a;0;"mem + amOiTi€m
= —a;%imem + am3€m = —amem + 3am€m = 2a4:,m€m
= 2a (57)
................................................................ 12 SOIUGAO (49) tieiiiiieiiie it
V- @ZJ(’F)(a X I') = élaz . ¢(T)i(éjaj X ékT‘k) = éZ& . Q/J(T)i(ajrkejkmém)

= aj 1'(/}( )‘Tkejkméi €y = a; ’L¢( )'Tkejkméim = Gj mw( )‘Tkejkm
= ajp(r); €jkmOmTk + QjTKEjkm Omb(r)i = ajb(r); €jkmOmk = aj(r)i €jkk
-0 (58)



V x(r)(axr)

€;0; x ()i (&5a; x &,ry) = €;0; X Y(1)i(ajTk€jkmEm)

a;0(7)irk€jkm€ X €m = a;0:(7)iTk€jkmEimi€

—a;0;(T)iTk€jkmEmit€) = —a;0;0 ()T (050K — 0510ki )&

—a;0;9(1)irk05i0k1€1 + a; 039 (1), 0 510k €

—a; 0 (r)ir1€; + a1 0 (r)iri€y

—a;(r)i€&0iry — a;ir€0; ()i + app(r)i€0iri + arri€ 0 (r);

—a;ip(1)i€ 0y — 11&1a; 0 (r)i + arp(r)i&3 + ar@&ri0ih(r);
—p(r)iai® — n@&a;0pp(r); + 3 (r)iaé + a@&ri0(r);

@@ [20(r); + 10 (r)i] — i@ 0ip(r);

a[21/)(7“) +r- V?j)(r)] — r[a . Vw(r)]

(59)

................................................................ 12 S0IUGAO (50) ittt

éi& : [éjrj X (ékak X él’l“l)] = éi& : [éj’l“j X (akrleklmém)]

&;0; - (1jarTi€kim€; X €m) = €;0; - (TjAkT1€kImEjmn€n)

arOiT T 1€RImEjmn€i - €n = RO TIELIME jmnin

aOnT i T1€ M E jmn = —0kOTT1€RImEmn = —kOnTj71(0k;0m — Okndij)

—akf)nrjnékjéln + aké)nrjrléknélj = —ajanrjrn -+ an8nrjrj

—a;jTiOpTy — 107 +2a,7j0nr; = =3 aj7; — ajTp0nj + 2 apT;0n;

-3 a;r; —a;r; + 2aj7"j =-2 a;r;

—2(a-r) (60)

Vx[rx(axr)]

éiai X [éjrj X (ékak X éﬂ"l)] = él-a,- X [éj’l“j X (aleeklmém)}

€;0; X (rjapri€nim@; X €m) = €;0; X (TjarTI€kImEjmn€n)
arOiTT1€RImEjmn€i X €y = RO TIELIME jmnEino€o

— k05T TIEkImME jmn€nio€o = —0kOITT1€LIM (05i0mo — 0jo0mi)€o
arOiTiT1€kIMmj00mi€o — aRO;TT1€KIMO0ji0mo€o

akOmToT1€kim€o — arO;TiT1ER10€0

AT o€kim€oO0mT + akT1€kIm€o0mTo — ARTi€RI€ 05T — akTIEkI€OiT;
kT o€kim€o0ml + kT 1€kIMm€o0mo — AkTi€kI€ 0 — ARTIERICLS
agTo€k11€0 + AkTIEKIC, — ARTIEKIC0 — 3AkTIEKIOCs

—3akTi€ki0€0

—3(axr)=3(rxa) (61)




