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1.1 - Mostrar que

(A×B)i = εijkAjBk (1)

(A×B) ·C = εijkAiBjCk (2)

..............................................................:: Solução (1) ::..............................................................

(A×B) = êiAi × êjBj = AiBj êi × êj = εijkAiBj êk

(A×B) · êk = εijkAiBj êk · êk
(A×B)k = εijkAiBj como os ı́ndices são mudos posso fazer

(A×B)i = εijkAjBk

..............................................................:: Solução (2) ::..............................................................

(A×B) ·C = (êiAi × êjBj) · êk Ck = (AiBj êi × êj) · êk Ck = AiBj εijl êl · êk Ck
= AiBjCk εijl δlk = AiBjCk εijk

= εijk AiBj Ck

—————————————————————————————————————————–
1.2 - Mostrar que

(A · ∇)A = −A× (∇×A) quando A2 = const (3)

..............................................................:: Solução (3) ::..............................................................

−A× (∇×A) = −êiAi × (êj∂j × êkAk) = −êiAi × (∂jAk êj × êk)

= −êiAi × (∂jAk εjklêl) = −Ai∂jAk εjkl êi × êl

= −Ai∂jAk εjkl εilm êm = εjkl εimlAi∂jAk êm

= Ai∂jAk êm(δjiδkm − δjmδki) = Ai∂jAk êmδjiδkm −Ai∂jAkδjmδki êm
= Aj∂jAm êm −Ak∂mAk êm = (A · ∇)A−∇A2

= (A · ∇)A

—————————————————————————————————————————–
1.3 - Mostrar que se o tensor Sik é simétrico e o tensor Aik é antisimétrico, temos

SikAik = 0 (4)
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..............................................................:: Solução (4) ::..............................................................

Q ≡ SikAik = −SkiAik = −Q =⇒ 2Q = 0 =⇒ Q = 0

—————————————————————————————————————————–
1.4 - Demonstrar as identidades abaixo

∇(ϕψ) = ϕ∇ψ + ψ∇ϕ (5)

∇ · (ϕA) = ϕ(∇ ·A) + A · (∇ϕ) (6)

∇× (ϕA) = ϕ(∇×A)−A× (∇ϕ) (7)

∇(A ·B) = A× (∇×B) + B× (∇×A) + (A · ∇)B + (B · ∇)A (8)

∇ · (A×B) = B · (∇×A)−A · (∇×B) (9)

∇× (A×B) = A(∇ ·B)−B(∇ ·A) + (B · ∇)A− (A · ∇)B (10)

(∇ ·A)B = (A · ∇)B + B(∇ ·A) (11)

(A×∇)×B = (A · ∇)B + A× (∇×B)−A · (∇ ·B) (12)

..............................................................:: Solução (5) ::..............................................................

∇(ϕψ) = êi∂iϕiψi = êi(ϕi∂iψi + ψi∂iϕi) = ϕiêi∂iψi + ψiêi∂iϕi

= ϕ∇ψ + ψ∇ϕ (13)

..............................................................:: Solução (6) ::..............................................................

∇ · (ϕA) = êi∂i · (ϕiêjAj) = êi · êj∂iϕiAj = δij∂iϕiAj = ∂iϕiAi = ϕi∂iAi +Ai∂iϕi

= ϕ(∇ ·A) + A · (∇ϕ) (14)

..............................................................:: Solução (7) ::..............................................................

∇× (ϕA) = êi∂i × (ϕiêjAj) = êi × êj∂iϕiAj = εijk êk ∂iϕiAj = εijk êk ∂iϕiAj

= εijk êk(ϕi∂iAj +Aj∂iϕi) = εijkϕi∂iAj êk − εjik Aj∂iϕiêk
= ϕ(∇×A)−A× (∇ϕ) (15)

..............................................................:: Solução (8) ::..............................................................
nas identidades acima o operador nabla executou duas operações: operação diferencial e operação
vetorial. Para demonstrar a eq.(8) farei a seguinte definição,

def

{
∇(A · B̌) ≡ o śımbolo (ˇ) indica que o operador nabla atua somente no vetor B

∇(Ǎ ·B) ≡ o śımbolo (ˇ) indica que o operador nabla atua somente no vetor A
(16)

operação diferencial,

∇(A ·B) = ∇(A · B̌) +∇(Ǎ ·B) (17)

o primeiro termo da eq. (17) pode ser encontrado fazendo a ≡ A, b ≡ B e C ≡ ∇ e usando a
definição (16) no produto triplo abaixo,

operação vetorial,

a× (b× c) = −c(a · b) + b(c · a)

A× (B̌×∇) = −∇(A · B̌) + B̌(∇ ·A)

∇(A · B̌) = A× (∇×B) + (A · ∇)B (18)
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o segundo termo da eq. (17) pode ser encontrado procedendo de modo análogo,

a× (b× c) = −c(a · b) + b(c · a)

B× (∇× Ǎ) = −Ǎ(B · ∇) +∇(Ǎ ·B)

∇(Ǎ ·B) = B× (∇×A) + (B · ∇)A (19)

das eqs. (17), (18) e (19),

∇(A ·B) = A× (∇×B) + B× (∇×A) + (A · ∇)B + (B · ∇)A (20)

..............................................................:: Solução (10) ::..............................................................
operação diferencial,

∇× (A×B) = ∇× (A× B̌) +∇× (Ǎ×B) (21)

operação vetorial,

a× (b× c) = −c(a · b) + b(c · a)

∇× (A× B̌) = −B̌(∇ ·A) + A(∇ · B̌)

= A(∇ ·B)− (A · ∇)B (22)

a× (b× c) = −c(a · b) + b(c · a)

∇× (Ǎ×B) = −B(∇ · Ǎ) + Ǎ(B · ∇)

= (B · ∇)A−B(∇ ·A) (23)

das eqs. (21), (22) e (23),

∇× (A×B) = A(∇ ·B)−B(∇ ·A) + (B · ∇)A− (A · ∇)B (24)

..............................................................:: Solução (11) ::..............................................................
operação diferencial,

(∇ ·A)B = (∇ ·A)B̌ + (∇ · Ǎ)B (25)

operação vetorial,

(∇ ·A)B̌ = (A · ∇)B (26)

(∇ · Ǎ)B = B(∇ ·A) (27)

das eqs. (25), (26) e (27),

(∇ ·A)B = (A · ∇)B + B(∇ ·A) (28)

..............................................................:: Solução (12) ::..............................................................
operação diferencial,

(A×∇)×B = (A×∇)× B̌ (29)

operação vetorial,

a× (b× c) = −c(a · b) + b(c · a)

(A×∇)× B̌ = −B̌× (A×∇) = +∇(B̌ ·A)−A(∇ · B̌) (30)
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a× (b× c) = −c(a · b) + b(c · a)

A× (∇×B) = −B(A · ∇) +∇(B̌ ·A)

A× (∇×B) + (A · ∇)B = ∇(B̌ ·A) (31)

das eqs. (29), (30) e (31),

(A×∇)×B = A× (∇×B) + (A · ∇)B−A · (∇ ·B) (32)

—————————————————————————————————————————–
1.5 - Calcule as equações abaixo usando as coordenadas cartesianas, cilindricas e esféricas

∇ · r (33)

∇× r (34)

∇(1 · r) (35)

(1 · ∇)r (36)

onde r é o raio vetor, 1 é vetor constate.
..............................................................:: Solução (33) ::..............................................................
coordenadas cartesianas

∇ · r = êi∂i · êjrj = êi · êj∂irj = δij∂irj = ∂iri = 3 (37)

coordenadas ciĺındricas

∇ · r =
(
ê%∂% +

1

%
êθ∂θ + êz∂z

)
·
(
%ê% + zêz

)
= ê%∂% · %ê% +

1

%
êθ∂θ · %ê% + êz∂z · %ê% + ê%∂% · zêz +

1

%
êθ∂θ · zêz + êz∂z · zêz

= ê% · ê% +
1

%
%êθ · êθ + êz · êz

= 1 + 1 + 1 = 3

coordenadas esféricas

∇ · r =
(
êr∂r +

1

r
êθ∂θ +

1

r sin θ
êφ∂φ

)
·
(
rêr

)
= êr∂r · rêr +

1

r
êθ∂θ · rêr +

1

r sin θ
êφ∂φ · rêr

= êr · êr +
1

r
rêθ · êθ +

1

r sin θ
r sin θêφ · êφ

= 1 + 1 + 1 = 3 (38)

..............................................................:: Solução (34) ::..............................................................

∇× r = êi∂i × êjrj = êi × êj∂irj = εijkêk∂irj = εijkêkδij = εiikêk = 0 (39)

coordenadas ciĺındricas

∇× r =
1

ρ

∣∣∣∣∣∣
ê% ρêθ êz
∂% ∂θ ∂z
r% ρrθ rz

∣∣∣∣∣∣ sendo o vetor posição r = %ê% + zêz

= ê%

(
1

ρ
∂θrz − ∂zrθ

)
+ êθ

(
∂zr% − ∂%rz

)
+

êz
ρ

(
∂%ρrθ − ∂θr%

)
(40)

= ê%
1

ρ
∂θz + êθ∂zρ− êθ∂%z − êz

1

ρ
∂θρ = 0 (41)
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coordenadas esféricas

∇× r =
1

r2 sin θ

∣∣∣∣∣∣
êr rêθ r sin θêφ
∂r ∂θ ∂φ
rr r rθ r sin θrφ

∣∣∣∣∣∣ sendo o vetor posição r = r êr

=
êr

r sin θ

(
∂θ sin θrφ − ∂φrθ

)
+

êθ
r

(
1

sin θ
∂φrr − ∂rrrφ

)
+

êφ
r

(
∂rrrθ − ∂θrr

)
=

êθ
r sin θ

∂φr − êφ∂θr = 0

..............................................................:: Solução (35) ::..............................................................

∇(1 · r) = êi∂i(êj · êkrk) = êi(êj · êk)∂irk = êiδjk∂irk = êi∂irj = êiδij = êj = 1 (42)

coordenadas ciĺındrica

∇(1 · r) =
(
ê%∂% +

1

%
êθ∂θ + êz∂z

)[(
ê% + êθ + êz

)
·
(
%ê% + zêz

)]
=

(
ê%∂% +

1

%
êθ∂θ + êz∂z

)(
%+ z

)
= ê%∂%%+

1

%
êθ∂θ%+ êz∂z%+ ê%∂%z +

1

%
êθ∂θz + êz∂zz

= ê% + êz (43)

coordenadas esféricas

∇(1 · r) =
(
êr∂r +

1

r
êθ∂θ +

1

r sin θ
êφ∂φ

)[(
ê% + êθ + êz

)
·
(
%ê% + zêz

)]
=

(
êr∂r +

1

r
êθ∂θ +

1

r sin θ
êφ∂φ

)(
%+ z

)
= êr∂r%+ êr∂rz +

1

r
êθ∂θ%+

1

r
êθ∂θz +

1

r sin θ
êφ∂φ%+

1

r sin θ
êφ∂φz

= 0 (44)

..............................................................:: Solução (36) ::..............................................................

(1 · ∇)r = (êi · êj∂j)êkrk = (êi · êj)êk∂jrk = δij êk∂jrk = êk∂irk = êkδik = êi = 1 (45)

coordenadas ciĺındricas

(1 · ∇)r =

[(
ê% + êθ + êz

)
·
(
ê%∂% +

1

%
êθ∂θ + êz∂z

)](
%ê% + zêz

)
=

(
∂% +

1

%
∂θ + ∂z

)(
%ê% + zêz

)
= ∂%%ê% +

1

%
∂θ%ê% + ∂z%ê% + ∂%zêz +

1

%
∂θzêz + ∂zzêz

= ê% + êθ + êz = 1

coordenadas esféricas

(1 · ∇)r =

[(
êr∂r +

1

r
êθ∂θ +

1

r sin θ
êφ∂φ

)
·
(
ê% + êθ + êφ

)](
rêr

)
=

(
∂r +

1

r
∂θ +

1

r sin θ
∂φ

)(
rêr

)
= ∂rrêr +

1

r
∂θrêr +

1

r sin θ
∂φrêr

= êr + êθ + êφ = 1
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—————————————————————————————————————————–
6.0 - Sendo os vetores a e b constantes, calcule o divergente e o rotacional das equações abaixo

(a · r)b (46)

(a · r)r (47)

(a× r) (48)

ψ(r)(a× r) (49)

r× (a× r) (50)

..............................................................:: Solução (46) ::..............................................................

∇ · (a · r)b = êi∂i · (êjaj · êkrk)êlbl = êi∂i · (ajrkδjk)êlbl = ak∂irkêi · êlbl
= ak∂irkδilbl = akbl∂lrk = akblδlk = akbk

= (a · b) (51)

∇× (a · r)b = êi∂i × (êjaj · êkrk)êlbl = êi∂i × (ajrkδjk)êlbl = ak∂irkêi × êlbl

= ak∂irkεilmêmbl = akbl∂irkεilmêm = akblδikεilmêm = akblεklmêm

= (a× b) (52)

..............................................................:: Solução (47) ::..............................................................

∇ · (a · r)r = êi∂i · (êjaj · êkrk)êlrl = êi∂i · (ajrkδjk)êlrl = ak∂irkêi · êlrl = ak∂irkδilrl

= ak∂lrkrl = akrk∂lrl + akrl∂lrk = akrk3 + akrlδlk = 3akrk + akrk = 4akrk

= 4(a · r) (53)

∇× (a · r)r = êi∂i × (êjaj · êkrk)êlrl = êi∂i × (ajrkδjk)êlrl = ak∂irkêi × êlrl

= ak∂irkεilmêmrl = ak∂irkrlεilmêm = akrk∂irlεilmêm + akrl∂irkεilmêm

= akrkδilεilmêm + akrlδikεilmêm = akrkεllmêm + akrlεklmêm

= (a× r) (54)

..............................................................:: Solução (48) ::..............................................................

∇ · (a× r) = êi∂i · (êjaj × êkrk) = êi∂i · (ajrkεjklêl) = aj∂irkεjklêi · êl
= aj∂irkεjklδil = aj∂lrkεjkl = ajδlkεjkl = ajεjkk

= 0 (55)

∇× (a× r) = êi∂i × (êjaj × êkrk) = êi∂i × (ajrkεjklêl) = aj∂irkεjklêi × êl (56)

= aj∂irkεjklεilmêm = −aj∂irkεjklεlimêm = −aj∂irk(δjiδkm − δjmδki)êm
= −aj∂irkδjiδkmem + aj∂irkδjmδkiêm = −ai∂irmem + am∂iriêm

= −aiδimem + am3êm = −amem + 3amêm = 2amêm

= 2a (57)

..............................................................:: Solução (49) ::..............................................................

∇ · ψ(r)(a× r) = êi∂i · ψ(r)i(êjaj × êkrk) = êi∂i · ψ(r)i(ajrkεjkmêm)

= aj∂iψ(r)irkεjkmêi · êm = aj∂iψ(r)irkεjkmδim = aj∂mψ(r)irkεjkm

= ajψ(r)iεjkm∂mrk + ajrkεjkm∂mψ(r)i = ajψ(r)iεjkmδmk = ajψ(r)iεjkk

= 0 (58)
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∇× ψ(r)(a× r) = êi∂i × ψ(r)i(êjaj × êkrk) = êi∂i × ψ(r)i(ajrkεjkmêm)

= aj∂iψ(r)irkεjkmêi × êm = aj∂iψ(r)irkεjkmεimlêl

= −aj∂iψ(r)irkεjkmεmilêl = −aj∂iψ(r)irk(δjiδkl − δjlδki)êl
= −aj∂iψ(r)irkδjiδklêl + aj∂iψ(r)irkδjlδkiêl

= −ai∂iψ(r)irlêl + al∂iψ(r)iriêl

= −aiψ(r)iêl∂irl − airlêl∂iψ(r)i + alψ(r)iêl∂iri + alriêl∂iψ(r)i

= −aiψ(r)iêlδil − rlêlai∂iψ(r)i + alψ(r)iêl3 + alêlri∂iψ(r)i

= −ψ(r)ialêl − rlêlai∂iψ(r)i + 3ψ(r)ialêl + alêlri∂iψ(r)i

= alêl
[
2ψ(r)i + ri∂iψ(r)i

]
− rlêlai∂iψ(r)i

= a
[
2ψ(r) + r · ∇ψ(r)

]
− r

[
a · ∇ψ(r)

]
(59)

..............................................................:: Solução (50) ::..............................................................

∇ ·
[
r× (a× r)

]
= êi∂i ·

[
êjrj × (êkak × êlrl)

]
= êi∂i ·

[
êjrj × (akrlεklmêm)

]
= êi∂i · (rjakrlεklmêj × êm) = êi∂i · (rjakrlεklmεjmnên)

= ak∂irjrlεklmεjmnêi · ên = ak∂irjrlεklmεjmnδin

= ak∂nrjrlεklmεjmn = −ak∂nrjrlεklmεmjn = −ak∂nrjrl(δkjδln − δknδlj)
= −ak∂nrjrlδkjδln + ak∂nrjrlδknδlj = −aj∂nrjrn + an∂nrjrj

= −ajrj∂nrn − ajrn∂nrj + 2 anrj∂nrj = −3 ajrj − ajrnδnj + 2 anrjδnj

= −3 ajrj − ajrj + 2 ajrj = −2 ajrj

= −2(a · r) (60)

∇×
[
r× (a× r)

]
= êi∂i ×

[
êjrj × (êkak × êlrl)

]
= êi∂i ×

[
êjrj × (akrlεklmêm)

]
= êi∂i × (rjakrlεklmêj × êm) = êi∂i × (rjakrlεklmεjmnên)

= ak∂irjrlεklmεjmnêi × ên = ak∂irjrlεklmεjmnεinoêo

= −ak∂irjrlεklmεjmnεnioêo = −ak∂irjrlεklm(δjiδmo − δjoδmi)êo
= ak∂irjrlεklmδjoδmiêo − ak∂irjrlεklmδjiδmoêo
= ak∂mrorlεklmêo − ak∂irirlεkloêo
= akroεklmêo∂mrl + akrlεklmêo∂mro − akriεkloêo∂irl − akrlεkloêo∂iri
= akroεklmêoδml + akrlεklmêoδmo − akriεkloêoδil − akrlεkloêo3
= akroεkllêo + akrlεkloêo − akrlεkloêo − 3akrlεkloêo

= −3akrlεkloêo

= −3(a× r) = 3(r× a) (61)

—————————————————————————————————————————–
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